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Abstract
In this paper we introduce the generalization of Multi Poly-
Euler polynomials and we investigate some relationship involving
Multi Poly-Euler polynomials. Obtaining a closed formula for
generalization of Multi Poly-Euler numbers therefore seems to be
a natural and important problem.
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1 Introduction
In the 17th century a topic of mathematical interst was finite sums of
powers of integers such as the series 1 + 2 + ... + (n − 1) or the series
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12+22+...+(n−1)2.The closed form for these finite sums were known ,but
the sum of the more general series 1k+2k+ ...+(n−1)kwas not.It was the
mathematician Jacob Bernoulli who would solve this problem.Bernoulli
numbers arise in Taylor series in the expansion
(1) xex−1 =
∞∑
n=0
Bn
xn
n! .
and we have,
(2)
Sm(n) =
∑n
k=1 k
m = 1m + 2m + · · ·+ nm = 1
m+1
∑m
k=0
(
m+1
k
)
Bk n
m+1−k .
and we have following matrix representation for Bernoulli numbers(for
n ∈ N),[1-4].
Bn =
(−1)n
(n− 1)!
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1
2
1
3
1
4
· · · 1
n
1
n+1
1 1 1 · · · 1 1
0 2 3 · · ·n− 1 n
0 0
(
3
2
)
· · ·
(
n−1
2
) (
n
2
)
...
...
...
. . .
...
...
0 0 0 · · ·
(
n−1
n−2
) (
n
n−2
)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.(3)
Euler on page 499 of [5], introduced Euler polynomials, to evaluate the
alternating sum
(4) An(m) =
m∑
k=1
(−1)m−kkn = mn − (m− 1)n + ...+ (−1)m−11n .
The Euler numbers may be defined by the following generating functions
(5) 2et+1 =
∞∑
n=0
En
tn
n! .
and we have following folowing matrix representation for Euler numbers,
[1,2,3,4].
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E2n = (−1)
n(2n)!
∣∣∣∣∣∣∣∣∣∣∣∣∣
1
2!
1
1
4!
1
2!
1
...
. . .
. . .
1
(2n−2)!
1
(2n−4)!
1
2!
1
1
(2n)!
1
(2n−2)!
· · · 1
4!
1
2!
∣∣∣∣∣∣∣∣∣∣∣∣∣
.(6)
The poly-Bernoulli polynomials have been studied by many researchers
in recent decade. The history of these polynomials goes back to Kaneko.
The poly-Bernoulli polynomials have wide-ranging application from num-
ber theory and combinatorics and other fields of applied mathematics.
One of applications of poly-Bernoulli numbers that was investigated by
Chad Brewbaker in [6,7,8,9], is about the number of (0, 1)-matrices with
n-rows and k columns. He showed the number of (0, 1)-matrices with
n-rows and k columns uniquely reconstructable from their row and col-
umn sums are the poly-Bernoulli numbers of negative index B
(−k)
n . Let
us briefly recall poly-Bernoulli numbers and polynomials. For an integer
k ∈ Z, put
(7) Lik(z) =
∑∞
n=1
zn
nk
. .
which is the k-th polylogarithm if k ≥ 1 , and a rational function if k ≤ 0.
The name of the function come from the fact that it may alternatively be
defined as the repeated integral of itself . The formal power series can be
used to define Poly-Bernoulli numbers and polynomials. The polynomials
B
(k)
n (x) are said to be poly-Bernoulli polynomials if they satisfy,
(8)
Lik(1−e
−t)
1−e−t
ext =
∞∑
n=0
B
(k)
n (x) t
n
n! .
In fact, Poly-Bernoulli polynomials are generalization of Bernoulli poly-
nomials, because for n ≤ 0, we have,
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(9) (−1)nB
(1)
n (−x) = Bn(x) .
Sasaki,[10], Japanese mathematician, found the Euler type version of
these polynomials, In fact, he by using the following relation for Euler
numbers,
(10) cosht =
∞∑
n=0
En
n!
tn .
found a poly-Euler version as follows
(11)
Lik(1−e
−4t)
4tcosht
=
∞∑
n=0
E
(k)
n
tn
n! .
Moreover, he by defining the following L-function, interpolated his defi-
nition about Poly-Euler numbers.
(12) Lk(s) =
1
Γ(s)
∫∞
0
ts−1Lik(1−e
−4t)
4(et+e−t)
dt .
and Sasaki showed that
(13) Lk(−n) = (−1)
nn
E
(k)
n−1
2
.
But the fact is that working on such type of generating function for find-
ing some identities is not so easy. So by inspiration of the definitions of
Euler numbers and Bernoulli numbers, we can define Poly-Euler num-
bers and polynomials as follows which also A.Bayad [11], defined it by
following method in same times.
Definition 1 (Poly-Euler polynomials):The Poly-Euler polynomials may
be defined by using the following generating function,
(14)
2Lik(1−e
−t)
1+et
ext =
∞∑
n=0
E
(k)
n
tn
n! .
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If we replace t by 4t and take x = 1/2 and using the definition cosht =
et+e−t
2
, we get the Poly-Euler numbers which was introduced by Sasaki
and Bayad and also we can find same interpolating function for them
(with some additional constant coefficient).
The generalization of poly-logarithm is defined by the following infi-
nite series
(15) Li(k1,k2,...,kr)(z) =
∑
m1,m2,...,mr
zmr
m
k1
1 ...m
kr
r
.
which here in summation (0 < m1 < m2 < ...mr).
Kim-Kim [12], one of student of Taekyun Kim introduced the Multi
poly- Bernoulli numbers and proved that special values of certain zeta
functions at non-positive integers can be described in terms of these num-
bers. The study of Multi poly-Bernoulli numbers and their combinatorial
relations has received much attention in [6-13]. The Multi Poly-Bernoulli
numbers may be defined as follows
(16)
Li(k1,k2,...,kr)(1−e
−t)
(1−e−t)r
=
∞∑
n=0
B
(k1,k2,...,kr)
n
tn
n! .
So by inspiration of this definition we can define the Multi Poly-Euler
numbers and polynomials .
Definition 2 Multi Poly-Euler polynomials E
(k1,...,kr)
n (x), (n = 0, 1, 2, ...)
are defined for each integer k1, k2, ..., kr by the generating series
(17)
2Li(k1,...,kr)(1−e
−t)
(1+et)r
erxt =
∞∑
n=0
E
(k1,...,kr)
n (x) t
n
n! .
and if x = 0, then we can define Multi Poly-Euler numbers E
(k1,...,kr)
n =
E
(k1,...,kr)
n (0)
Now we define three parameters a, b, c, for Multi Poly-Euler polyno-
mials and Multi Poly-Euler numbers as follows.
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Definition 3 Multi Poly-Euler polynomials E
(k1,...,kr)
n (x, a, b), (n = 0, 1, 2, ...)
are defined for each integer k1, k2, ..., kr by the generating series
(18)
2Li(k1,...,kr)(1−(ab)
−t)
(a−t+bt)r
erxt =
∞∑
n=0
E
(k1,...,kr)
n (x, a, b) t
n
n! .
In the same way, and if x = 0, then we can define Multi Poly-Euler
numbers with a, b parameters E
(k1,...,kr)
n (a, b) = E
(k1,...,kr)
n (0, a, b).
In the following theorem, we find a relation between E
(k1,...,kr)
n (a, b)
and E
(k1,...,kr)
n (x)
Theorem 1 Let a, b > 0, ab 6= ±1 then we have
(19) E
(k1,k2,...,kr)
n (a, b) = E
(k1,k2,...,kr)
n
(
lna
lna+lnb
)
(lna + lnb)n .
Proof.By applying the Definition 2 and Definition 3,we have
2Li(k1,...,kr)(1− (ab)
−t)
(a−t + bt)r
=
∞∑
n=0
E(k1,...,kr)n (a, b)
tn
n!
= ert ln a
2Li(k1,...,kr)(1− e
−t ln ab)
(1 + et ln ab)r
So, we get
2Li(k1,...,kr)(1− (ab)
−t)
(a−t + bt)r
=
∞∑
n=0
E(k1,...,kr)n
(
ln a
ln a+ ln b
)
(ln a+ ln b)n
tn
n!
Therefore, by comparing the coefficients of tn on both sides, we get the
desired result. 
Now, In next theorem, we show a shortest relationship between E
(k1,k2,...,kr)
n (a, b)
and E
(k1,k2,...,kr)
n .
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Theorem 2 Let a, b > 0, ab 6= ±1 then we have
(20) E
(k1,k2,...,kr)
n (a, b) =
n∑
i=0
rn−i(ln a+ ln b)i(ln a)n−i
(
n
i
)
E
(k1,k2,...,kr)
i .
Proof. By applying the Definition 2, we have,
∞∑
n=0
E(k1,...,kr)n (a, b)
tn
n!
=
2Li(k1,...,kr)(1− (ab)
−t)
(a−t + bt)r
= ert ln a
2Li(k1,...,kr)(1− e
−t lnab)
(1 + et ln ab)r
=
(
∞∑
k=0
rktk(ln a)k
k!
)(
∞∑
n=0
E(k1,...,kr)n (ln a + ln b)
n t
n
n!
)
=
∞∑
j=0
(
j∑
i=0
rj−i
E
(k1,...,kr)
j (ln a + ln b)
i(ln a)j−i
i!(j − i)!
tj
)
So, by comparing the coefficients of tn on both sides , we get the desired
result. 
By applying the definition 2, by simple manipulation, we get the
following corollary
Corollary 1 For non-zero numbers a, b, with ab 6= −1 we have
(21) E
(k1,...,kr)
n (x; a, b) =
n∑
i=0
(
n
i
)
rn−iE
(k1,...,kr)
i (a, b)x
n−i .
Furthermore, by combinig the results of Theorem 2, and Corollary 1,
we get the following relation between generalization of Multi Poly-Euler
polynomials with a, b parameters E
(k1,...,kr)
n (x; a, b), and Multi Poly-Euler
numbers E
(k1,...,kr)
n .
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(22)
E
(k1,...,kr)
n (x; a, b) =
n∑
k=0
k∑
j=0
rn−k
(
n
k
)(
k
j
)
(ln a)k−j(ln a + ln b)jE
(k1,...,kr)
j x
n−k .
Now, we state the ”Addition formula” for generalized Multi Poly-
Euler polynomials
Corollary 2 (Addition formula) For non-zero numbers a, b, with ab 6=
−1 we have
(23) E
(k1,...,kr)
n (x+ y; a, b) =
n∑
k=0
(
n
k
)
rn−kE
(k1,...,kr)
k (x; a, b)y
n−k .
Proof. We can write
∞∑
n=0
E(k1,...,kr)n (x+ y; a, b)
tn
n!
=
2Li(k1,...,kr)(1− (ab)
−t)
(a−t + bt)r
e(x+y)rt
=
2Li(k1,...,kr)(1− (ab)
−t)
(a−t + bt)r
exrteyrt
=
(
∞∑
n=0
E(k1,...,kr)n (x; a, b)
tn
n!
)(
n∑
i=0
yiri
i!
ti
)
=
∞∑
n=0
(
n∑
k=0
(
n
k
)
rn−kyn−kE
(k1,...,kr)
k (x; a, b)
)
tn
n!
So, by comparing the coefficients of tn on both sides , we get the desired
result. 
2 Explicit formula for Multi Poly-Euler poly-
nomials
Here we present an explicit formula for Multi Poly-Euler polynomials.
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Theorem 3 The Multi Poly-Euler polynomials have the following ex-
plicit formula
(24)
E
(k1,k2,...,kr)
n (x) =
n∑
i=0
∑
0≤m1≤m2≤...≤mr
c1+c2+...=r
mr∑
j=0
2(rx−j)n−ir!(−1)j+c1+2c2+...(c1+2c2+...)i(mrj )(
n
i)
(c1!c2!...)(m
k1
1 m
k2
2 ...m
kr
r )
. .
Proof. We have
Li(k1,k2,...,kr)(1−e
−t)erxt =
∑
0≤m1≤m2≤...≤mr
(1− e−t)mr
mk11 m
k2
2 . . .m
kr
r
erxt
=
∑
0≤m1≤m2≤...≤mr
1
mk11 m
k2
2 . . .m
kr
r
mr∑
j=0
(−1)j
(
mr
j
)∑
n≥0
(rx− j)n
tn
n!
=
∑
n≥0
( ∑
0≤m1≤m2≤...≤mr
mr∑
j=0
(−1)j(rx− j)n
(
mr
j
)
mk11 m
k2
2 . . .m
kr
r
)
tn
n!
.
On the other hand,
(
1
1 + et
)r
=
(∑
n≥0
(−1)nent
)r
=
∑
c1+c2+...=r
r!(−1)c1+2c2+...
c1!c2! . . .
et(c1+2c2+...)
=
∑
c1+c2+...=r
r!(−1)c1+2c2+...
c1!c2! . . .
∑
n≥0
(c1 + 2c2 + . . .)
n t
n
n!
=
∑
n≥0
( ∑
c1+c2+...=r
r!(−1)c1+2c2+...(c1 + 2c2 + . . .)
n
c1!c2! . . .
)
tn
n!
.
Hence,
2Li(k1,k2,...,kr)(1− e
−t)
(1 + et)r
erxt = 2Li(k1,k2,...,kr)(1−e
−t)erxt
(
1
1 + et
)r
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=
(∑
n≥0
( ∑
0≤m1≤m2≤...≤mr
mr∑
j=0
(−1)j(rx− j)n
(
mr
j
)
mk11 m
k2
2 . . .m
kr
r
)
tn
n!
)
×
×
(∑
n≥0
( ∑
c1+c2+...=r
r!(−1)c1+2c2+...(c1 + 2c2 + . . .)
n
c1!c2! . . .
)
tn
n!
)
= 2
∑
n≥0
n∑
i=0
( ∑
0≤m1≤m2≤...≤mr
mr∑
j=0
(−1)j(rx− j)n−i
(
mr
j
)
mk11 m
k2
2 . . .m
kr
r
)
tn−i
(n− i)!
×
×
( ∑
c1+c2+...=r
r!(−1)c1+2c2+...(c1 + 2c2 + . . .)
i
c1!c2! . . .
)
ti
i!
= 2
∑
n≥0
n∑
i=0
∑
0≤m1≤m2≤...≤mr
c1+c2+...=r
mr∑
j=0
(rx− j)n−ir!(−1)j+c1+2c2+...(c1 + 2c2 + . . .)
i
(
mr
j
)(
n
i
)
(c1!c2! . . .)(m
k1
1 m
k2
2 . . .m
kr
r )
tn
n!
By comparing the coefficient of tn/n!, we obtain the desired explicit
formula.
Definition 4 (Poly-Euler polynomials with a, b, c parameters):The Poly-
Euler polynomials with a, b, c parameters may be defined by using the
following generating function,
(25)
2Lik(1−(ab)
−t)
a−t+bt
cxt =
∞∑
n=0
E
(k)
n (x; a, b, c)
tn
n! .
Now, in next theorem, we give an explicit formula for Poly-Euler
polynomials with a, b, c parameters.
Theorem 4 The generalized Poly-Euler polynomials with a, b, c param-
eters have the following explicit formula
(26)
E
(k)
n (x; a, b, c) =
n∑
m=0
m∑
j=0
j∑
i=0
2(−1)m−j+i
jk
(
j
i
)
(x ln c− (m− j + i+ 1) ln a− (m− j + i+ 1) ln b)n.
.
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Proof. We can write∑
n≥0
E(k)n (x; a, b, c)
tn
n!
=
2Lik(1− (ab)
−t)
a−t((ab)−t + 1)
cxt = 2a−t
(∑
n≥0
(−1)n(ab)−nt
)(∑
n≥0
(1− (ab)−t)
m
mk
)
cxt.
=a−t
∑
m≥0
m∑
j=0
j∑
i=0
2(−1)m−j+i
jk
(
j
i
)
(ab)−t(x+m−j+i)cxt
=
∑
m≥0
m∑
j=0
j∑
i=0
2(−1)m−j+i
jk
(
j
i
)
e−t(x+m−j+i) ln(ab)e−t lnaext ln c
=
∑
n≥0
∑
m≥0
m∑
j=0
j∑
i=0
2(−1)m−j+i
jk
(
j
i
)∑
n≥0
(x ln c− (m− j + i+ 1) ln a− (m− j + i) ln b)n
tn
n!
=
∑
n≥0
n∑
m=0
m∑
j=0
j∑
i=0
2(−1)m−j+i
jk
(
j
i
)
(x ln c− (m− j + i+ 1) ln a− (m− j + i) ln b)n
tn
n!
.
By comparing the coefficient of tn/n!, we obtain the desired explicit
formula.
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